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a b s t r a c t
This work obtains the stationary solutions of the non-linear Klein–Gordon equations in
1+ 1 dimensions. The technique that is used to carry out the analysis is the Lie symmetry
approach. There are five types of non-linearity that are studied in this work. In each case,
the analysis yields non-trivial stationary solutions; it is the first time that this has been
seen.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The Klein–Gordon equation (KGE), which is also known as Schrödinger’s relativistic wave equation, arises in the study of
quantummechanics [1–10]. The KGE is used as the equation ofmotion of amassive spinless particle in classical and quantum
field theory. This work will study the KGE in 1 + 1 dimensions—one time dimension and two spatial dimensions—namely
in x- and y-coordinates. There will be five forms of non-linearity that will be considered. In each of these forms, an exact
one-soliton solution will be obtained. The solution will be a topological or a non-topological soliton depending of the type
of non-linearity in question.
The KGE falls into the category of non-linear evolution equations (NLEEs). There are various techniques for carrying out
the integration of these NLEEs. Some of the methods are the inverse scattering transform (IST) method, the F-expansion
method, the Adomian decomposition method, the G′/Gmethod, the tanh–coth method, the sine–cosine method, the expo-
nential functionmethod, the Lie symmetrymethod andmanymore. In particular, the KGE has also been studied numerically
by He’s variational iteration method. However, one needs to be careful before applying analytical techniques of integration.
This could lead to incorrect results as pointed out before. In this work, the Lie symmetry approach will be used to carry out
the integration of the KGE in 1+ 1 dimensions.
2. Mathematical analysis
The KGE in 1+ 1 dimensions that will be studied in this work is given by [1–10]
qtt − k2qxx = F(q) (1)
where the dependent variable q(x, t) represents the quantized field describing the particle. Here, k is a real number. In (1),
the non-linear function F(q) is continuous. The function F(q) can be written in terms of the potential function U(q) as [2]
F(q) = ∂U
∂q
. (2)
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This potential functionU(q) has at least twominima, q1 and q3, and amaximumat q2 such thatU(q1) = U(q3). The solutions
to (1) for various forms of the non-linear function F are known as solitons. For some form of the function F , (1) leads to non-
topological solitons, while in some other forms, (1) gives kink solutions that are known as topological solitons or topological
defects, which take the system from one asymptotically stable state to another.
The starting hypothesis is
q(x, t) = φ(x− wt) (3)
which is also known as the traveling wave hypothesis. In (3), w is the velocity of the wave profile. In this work, the focus
is going to be on recovering stationary solutions to the KGE. Therefore, the velocityw is set to zero. Thus (1) reduces to the
form
φ′′ = G(φ) (4)
where G(φ) = F(φ)/k2. Eq. (4) has a single Lie point symmetry, namely X = ∂/∂x. This symmetry will be used to integrate
Eq. (4) once. It can be easily seen that the two invariants are
u = φ (5)
and
v = φ′. (6)
Treating u as the independent variable and v as the dependent variable, (4) can be rewritten as
dv
du
= φ
′′
φ′
= G(u)
v
. (7)
Separating variables and carrying out the integration leads to
v2 = 2
∫
G(u)du+ c. (8)
This equation will now be further analysed for the various forms of the functional G(u) that are discussed in the following
sections.
In this work, the following five forms of the function F(q)will be considered, and will lead to the various solutions. They
are [4–7]
F(q) = aq− bq2 (9)
F(q) = aq− bq3 (10)
F(q) = aq− bqn (11)
F(q) = aq− bqn + cq2n−1 (12)
F(q) = aq− bq1−n + cqn+1. (13)
These five cases will be respectively labeled as Forms I–V. In all of these five forms, a, b and c are real valued constants. The
domain restrictions in all of these five cases will be discussed when they are studied in detail in the following sections.
3. Form I
This case, by virtue of Eq. (4), reduces to
φ′′ = aφ + bφ2 (14)
so (8) gives(
dφ
dx
)2
= au2 + 2
3
Bu3 (15)
which after integrating twice leads to
φ(x) = −3a
2b
1
cosh2
(
x
√
a
2
) (16)
where without any loss of generality, the integration constant is taken to be zero. This is a non-topological one-soliton
solution of Form I. The only restriction that is necessary is that
a > 0 (17)
while the second parameter b can be arbitrary.
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4. Form II
This case, by virtue of Eq. (4), reduces to
φ′′ = aφ + bφ3 (18)
so (8) gives(
dφ
dx
)2
= au2 + 1
2
Bu4 (19)
which after integrating twice leads to
x = 1√
a
log
 φ
√
2a
2
√
2a
(
2a+ bφ2)+ 4a
 (20)
where without any loss of generality, the integration constant is taken to be zero. This is an implicit solution of Form II in
terms of logarithmic functions. Here, once again, the restriction given by (17) is necessary for the stationary solution to exist.
5. Form III
This case, by virtue of Eq. (4), reduces to
φ′′ = aφ + bφn (21)
so (8) gives(
dφ
dx
)2
= au2 + 2b
n+ 1Bu
n+1 (22)
which after integrating twice leads to
φ(x) =
− (n+ 1)a
2b
1
cosh2
{
(n−1)x√a
2
}
 1n−1 (23)
where without any loss of generality, the integration constant is taken to be zero. This is again a non-topological one-soliton
solution and it is again necessary that (17) holds for these solitons to exist.
6. Form IV
This case, by virtue of Eq. (4), reduces to
φ′′ = aφ + bφn + cφ2n−1 (24)
so (8) gives(
dφ
dx
)2
= au2 + 2b
n+ 1Bu
n+1 + c
n
φ2n (25)
which cannot be integrated for general n. The following two solutions respectively represent the results for the special cases
when n = 2 and n = 3:
x = 1√
a
log
 φ√6a
2
{√
6a
(
6a+ 4bφ + 3cφ2)+ 6a+ 2bφ}
 (26)
x = 1
2
√
a
log
 φ2
√
6a
2
√
6a
(
6a+ 3bφ2 + 2cφ4)+ 12a+ 3bφ2
 (27)
where without any loss of generality, the integration constant is taken to be zero. This is again an implicit solution of Form
II in terms of logarithmic functions. Here, once again, the restriction given by (17) is necessary for the stationary solution to
exist.
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7. Form V
This case, by virtue of Eq. (4), reduces to
φ′′ = aφ + bφ1−n + cφn+1 (28)
so (8) gives(
dφ
dx
)2
= au2 + 2b
n+ 1Bu
n+1 + c
n
φ2n (29)
which cannot be integrated for general n. Again, the following two solutions respectively represent the results for special
cases—when n = 3 and n = 4:
x = − i
√
5
3
(
25a2 + 80bc − 5a) 14√−c√5aφ3 − 10b+ 2cφ6
√
1− 16c
2φ6
25a2 + 80bc − 5a
× F
(
i sinh−1
(
2
√
− c
25a2 + 80bc − 5aφ
3
2
) ∣∣∣∣5a−
√
25a2 + 80bc
5a+√25a2 + 80bc
)
(30)
x = −
i
[
1− 2cφ4√
9a2+12bc−3a
] 1
2
[
3cφ4√
9a2+12bc+3a
+ 32
] 1
2
[
−
√
9a2+12bc−3a
c
] 1
2
2
√
3aφ4 − 3b+ cφ8
× F
(
i sinh−1
(√
2
√
− c
9a2 + 12bc − 3aφ
2
) ∣∣∣∣3a−
√
9a2 + 12bc
3a+√9a2 + 12bc
)
(31)
where in (30) and (31), the incomplete elliptic integral of the first kind is defined as
F(x|k) =
∫ x
0
dt√(
1− t2) (1− k2t2) (32)
and k is the modulus of the elliptic function. Again, without any loss of generality, the integration constant is taken to be
zero.
8. Conclusions
Thiswork obtains the exact one-soliton solution for five different forms of the KGE in 1+ 1 dimensions. The Lie symmetry
is used to carry out the integration of the KGE which would otherwise fail the Painlevé test of integrability. These solutions
will make an impact in the field of quantum mechanics. In future, this technique will be applied to the 1 + 2-dimensional
KGE as well as the coupled KGE. Such work is under way and will be reported in future publications.
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